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Abstract

A study of the temperature distribution in a bearing ball subjected to elliptic moving heat sources and surface cooling is presen
paper. An explicit analytical solution is developed in order to determine the three-dimensional stationary temperatures in the ball. T
the establishment of the thermal map of the ball, and the flash and average temperatures over the heated region regardless of
Peclet number. Two cases were considered: (i) uniform heat flux, (ii) parabolic heat flux. The flash temperature for the two therm
are compared as a function of Peclet number. Some results are also presented and discussed in order to show the effect of the mo
cooling on the thermal behavior of the ball.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

The friction in ball bearings entails a heating of the ba
that can have very detrimental effects. When applied to
aerospace or aeronautics fields the frictional heating ca
ten be sudden and violent. The increase of temperature
erated by these phenomena can involve mechanical m
deformations and an overheating of the cooling fluid (es
cially when dealing with cryogenic fluids). It is therefo
important to have calculation models in order to evalu
the temperatures according to the frictional heat input, to
which the solids are subjected. The calculation of tem
ature in the solids under friction has been of great sc
tific interest over the past few decades. Since the pionee
works (e.g., Boussinesq [1], Rosenthal [2], Blok [3], Jae
[4] and Archard [5]) concerning semi-infinite solids whi
are adiabatic outside the region heated by a moving
source, many other research studies have been condu
They deal with cooled semi-infinite bodies (e.g., DesRu
seaux and Zerkle [6]), and with rotating cylinder subjecte
a heat source and surface cooling (e.g., Ling and Simkins
DesRuisseaux and Zerkle [6], Gecim and Winer [8], P
ula [9]). These research studies showed the evolution of fl
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temperatures (notion introduced by Blok [10]) according to
the main characteristic parameters, i.e., Peclet and Biot n
bers.

The case of an elliptic moving heat source on an in
lated semi-infinite body has been studied by Francis [
Bejan [12] and Tian and Kennedy [13] with asymptotic s
lutions. The analytical solutions are often difficult to get be
cause of: (i) the non-homogeneous boundary conditions
calized heating and surface cooling), (ii) the relative motion
(especially for the low values of Peclet number), and (iii)
small size of the contact region in relation to other dim
sions of solid. From available studies, it is clearly sho
that the increase of the Peclet number involves a decr
in temperature elevation over the contact region for a g
heat flux.

The determination of the temperatures in a bearin
requires a good knowledge of the thermal contact paramete
and convective exchanges with the cooling fluid (e.g., La
et al. [14], Bourouga et al. [15], Litsek and Bejan [16]).

The study which is proposed in this paper deals w
the determination of the temperature in a bearing bal
The analytic calculation of the three-dimensional station
temperature in a ball is addressed. In order to determine
analytic solution we proceed to a geometric transposit
The calculations are carried out in a Cartesian geom
This transposition is consistent with the fact that the con
area is much smaller (about a few percent) than that of
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Nomenclature

a, b semiaxes of elliptical contact area
A,B dimensions of the studied cell (see Fig. 2)
Bi Biot number,= hR/k

f (x, y) distribution of heat flux over the ellipse
h heat convection coefficient
k thermal conductivity
Pe Peclet number,= V a/2α

q0 heat flux density
r radius
R radius of the ball
Rc thermal constriction resistance
T temperature
T ∗ dimensionless temperature,= T/(q0a/k)

V peripheral velocity
x, y, z Cartesian coordinates

Greek symbols

α thermal diffusivity
ε surface ratio,= √

πab/4AB

ψ dimensionless resistance,= Rck
√

πab

Subscripts
av average
b bulk
c contact
f flash

Superscripts

p parabolic heat source
u uniform heat flux
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ball. It is again justified that the thermal penetration de
decreases with an increase in speed (or Peclet number). O
the other hand, the elliptic geometry of the ball-ring cont
area is taken into account. The developed analytical solu
allows to establish the thermal map of the ball, and
determine the flash and average temperatures of the co
area. This solution is valid regardless of the value of Pe
number, and it may also be used in many other applicat
(gear, rollers, . . . ).

2. Assumptions of the model

The body under investigation is a sphere (see Fig
subject to two elliptic uniform or parabolic heat sourc
diametrically opposite (simulating the contact with the t
rings of a ball-bearing) and cooled on the rest of
surface. The heat convection coefficient is denotedh and the
reference temperature is zero. The ball is in rotating mo
around the axis indicated on this figure. The developm
of an analytical solution for the three-dimensional spher
geometry is complicated and requires the use of speci

Fig. 1. Parameterization of a bearing ball.
t

functions which are difficult to manipulate. Considering t
small size of the heated region in relation to the surface o
ball, it is widely justified to do the calculations in Cartesi
geometry (Fig. 2). Indeed, the thermal depth penetra
is much smaller than the radius of the ball, especially
the speed increases. Therefore, the effect of the curva
becomes negligible.

The heat entering by the elliptic regions is entire
evacuated by the surface of the ball. One can assimilat
the behavior of the ball to the one of a semi-infinite bo
Therefore the choice of a finite body with an adiaba
boundary condition can be considered without difficu
The two heat sources and the elliptic regions are assu
identical (this assumption is notrestrictive), which permits
to reduce the calculations to half of the domain (only o
source with the conditions of periodicity). The physic
properties of materials and the conditions of exchanges
assumed to be independent of the temperature.

3. Development of the model

On the basis of the above assumptions and of
notations of Fig. 2, the heat transfer in the body is gover
by the following equations:

• heat equation

∂2T

∂x2
+ ∂2T

∂y2
+ ∂2T

∂z2
− V

α

∂T

∂x
= 0 (1)

• boundary conditions with respect toz-direction

−k

(
∂T

∂z

)
z=0

=
{

q0f (x, y) (x/a)2 + (y/b)2 � 1
−hT elsewhere

(2)(
∂T

∂z

)
z→∞

= 0 (3)



A. Baïri et al. / International Journal of Thermal Sciences 43 (2004) 561–568 563

n
this

ue
the

in
s of
6])

use

riate
t to
ary
g
ond

e
sion

ions

ted
hat
ing
Fig. 2. Studied physical model.

• conditions of periodicity with respect tox-direction

(T )x=−A = (T )x=A (4)(
∂T

∂x

)
x=−A

=
(

∂T

∂x

)
x=A

(5)

• boundary conditions with respect toy-direction(
∂T

∂y

)
y=−B

= 0 (6)(
∂T

∂y

)
y=B

= 0 (7)

In Eq. (2), the functionf (x, y) denotes the distributio
of heat flux over the ellipse. Two cases are studied in
paper:

(i) f u(x, y) = 1, for the uniform heat flux, and
(ii) f p(x, y) = (3/2)[1 − [(x/a)2 + (y/b)2]]1/2 for the

parabolic heat flux.
The factor 3/2 in the expression of parabolic heat flux is d
to the equality of total heat flux over the ellipse between
two studied distributions of heat as∫ ∫
Ac

f u(x, y)ds =
∫ ∫
Ac

f p(x, y)ds

(whereAc is the contact area).
The heat convection coefficient is difficult to determine

the configuration of a ball-bearing. However, on the basi
a numerical study of a roller bearing (Litsek and Bejan [1
one can get an order of magnitude of this coefficient.

In order to solve the above governing equations, we
the following integral transforms:

T̃ = εm

2A

A∫
−A

T exp(−imπx/A)dx (8)

˜̃T = εn

B

B∫
0

T̃ cos(nπy/B)dy (9)

with εj=0 = 1 andεj �=0 = 2 (j ≡ m or n).
The above integral transforms are especially approp

to periodic systems (here, the heat diffusion with respec
x−direction) and symmetric conditions (here, the bound
conditions with respect toy-direction). Then, the governin
Eqs. (1) to (7) lead to a simple differential equation of sec
order as

d2˜̃T
dz2

−
[(

mπ

A

)2

+
(

nπ

B

)2

+ imπ
V

αA

]˜̃T = 0 (10)

−k

(
d˜̃T
dz

)
z=0

= q0Gmn − h˜̃T (11)(
d˜̃T
dz

)
z→∞

= 0 (12)

The expression of termGmn in Eq. (11) depends of th
thermal loading on the ellipse of contact (i.e., the expres
of f (x, y)). Considering the two studied cases, we have

Gu
mn = εmεn

2

πab J1
[√

(mπa/A)2 + (nπb/B)2
]

AB
√

(mπa/A)2 + (nπb/B)2
(13)

for the case of uniform heat flux over the ellipse, and

G
p
mn = 3εmεn

4mB

b∫
0

√
1− (y ′/b)2J1

[
mπa

A

√
1− (y ′/b)2

]
× cos(nπy ′/B)dy ′ (14)

for the case of parabolic heat flux over the ellipse.
The details of the determination of the above express

of Gmn are given in the Appendix A.
In Eq. (11), considering the small value of the hea

region with regard to that of the cell, we considered t
the cooling is over the whole surface. This avoids gett
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a solution under the integral equation (integral equation
Fredholm). Gecim and Winer [8] showed that this hypothe
is justified in the case of localized contacts (i.e., small ra
of the contact area to the apparent area) and when the
coefficient is not very high. These conditions are verified
our application.

The general solution of Eq. (10) can be written as follo

˜̃T = C00z + D00 + Cmne
−βmnz + Dmne

βmnz

(with m, and/or,n �= 0) (15)

where

βmn = ρmn exp(iγmn) (16)

ρmn =
[((

mπ

A

)2

+
(

nπ

B

)2)2

+
(

mπV

αA

)2]1/4

(17)

γmn = 1

2
tan−1

[
(mπV/αA)

(mπ/A)2 + (nπ/B)2

]
(18)

Taking into account the boundary conditions, one gets

C00 = 0, D00 = q0πab

4ABh

Cmn = q0
Gmn

βmnk + h
, Dmn = 0 (19)

The temperatures are determined by applying the inv
transforms, such as

T̃ =
∞∑

n=0

˜̃T cos(nπy/B) (20)

T = �

{ ∞∑
m=0

T̃ exp(imπx/A)

}
(21)

The final expression of temperature becomes

T = Tb + q0

∞∑
m=0
n�=0

∞∑
n=0
m�=0

Gmn

ηmn

× cos

[
mπx

A
− ϕmn − zρmn sin(γmn)

]
× cos

[
nπy

B

]
e−zρmn cos(γmn) (22)

with

Tb = q0πab

4ABh
(23)

ηmn =
√

h2 + k2ρ2
mn + 2hkρmn cos(γmn) (24)

ϕmn = tan−1
[

kρmn sin(γmn)

h + kρmn cos(γmn)

]
(25)

In solution (22), the total temperature,T (x, y, z), is the
sum of ambient temperature,Te (here Te = 0), the bulk
temperature,Tb (i.e., the first term of Eq. (22)), and th
t

flash temperature,Tf (the last term of Eq. (22)). The bul
temperature,Tb, corresponds to the thermal balance betw
the heat flux dissipated by the source (i.e.,q0πab) and the
heat flux evacuated by convection (i.e., 4ABhTb). It is also
the particular case whenm andn are simultaneously equal t
zero. Indeed, in the expressions ofGmn, given by Eqs. (13)
and (14), we have

lim
[
J1(u)/u

]
u→0 = 1/2 (26)

andG
u,p
mn (for m = 0 andn = 0) becomes

G
u,p

00 = πab

4AB
(m = 0 andn = 0) (27)

4. Temperature profile

The numerical applicationsthat are presented in th
study are aimed at highlighting the configuration wh
the heated elliptic region is very small compared w
the total surface of the ball (i.e.,ε � 1). We choose the
valueε = 0.001. The elongation of the ellipse isb/a = 4.
These choices allow to limit the number of parameters
investigate.

4.1. Uniform heat flux

In a first step, the proposed solution is compared to T
and Kennedy [13] results for a single circular source
an insulated semi-infinite body. The heat source is c
sidered uniform. In the proposed model, we takeh = 0,
a/b = 1, A/B = 1, ε = 0.001. In this case the proposed s
lution is exact becauseh = 0 (i.e., no convection over th
ball surface).The series requires 800 terms to converg
ε = 0.001, and this number decreases almost linearly whε
increases (until 200 terms forε = 0.01). Table 1 provides th
maximum dimensionless flash temperatureT ∗

f for three val-
ues of Peclet number (0.01, 1 and 10). The location(x,0,0)

of T ∗
f depends of the Peclet value and the distribution of h

source (see Section 4.2). The relative difference betwee
two models, denoted�, is lower than 1.5%.

Fig. 3 shows the surface thermal map in the vicinity
the ellipse for two values of Peclet numberPe= 0.2 (a) and
Pe= 10 (b), respectively. The graphs are plotted at the s

Table 1
Comparison of maximum dimensionless flash temperatures with Tian
Kennedy results [13](a = b,A = B,ε = 0.001)

Pe= V a/2a T ∗
f

0.01 1 10

qu Eq. (22) 0.997 0.741 0.341
From [13] 0.996 0.748 0.336
� 0.1% 0.9% 1 .5%

qp Eq. (22) 1.152 0.852 0.374
From [13] 1.173 0.876 0.391
� 1.8% 2.8% 4.5%
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Fig. 3. Dimensionless total surface temperature at the vicinity of contac
(a) Pe= 0.2; (b) Pe= 10.

scale in order to be compared. These figures show the
reduction of the dimensionless surface temperature with
increase of Peclet number for a given value ofq0. The region
of the thermal gradients is located at the vicinity of t
ellipse.

In order to verify the above assumption of geome
transposition of sphere to parallelepiped, the isothermal l
in the xz-plane for the same Peclet values as previou
are drawn in Fig. 4. For the largest thermal penetra
depth (i.e., small Peclet number value, herePe= 0.2) the
temperature is approximately divided by 8 between
surface and the depth 5a. Practically, the order of magnitud
of a is a few tens of µm, the thermal penetration depth is
order of a tenth of a millimeter.

The surface temperature along the axis of symm
(y = 0) is reported on Fig. 5 for four values of the Bi
number (0.008 , 0.04, 0.08 and 0.8) and four values of Pecle
number (0.2, 1, 5 and 10). One finds for each case the us
curvature of the temperature profile due to a moving h
source. The flash temperature decreases with the increa
Peclet number and the abscissa of the maximum temper
moves from the center of the source (atPe→ 0) to the exit
(at Pe→ ∞). The temperatures decrease with the incre
of Biot number. The rate of decrease is important betw
the valuesBi = 0.008 andBi = 0.04, and becomes smalle
beyond this value (e.g.,Bi > 0.04).
r

f
e

Fig. 4. Isothermal lines into the solid.

4.2. Parabolic heat flux

The maximum dimensionless flash temperatures give
the proposed solution are compared with those provide
Tian and Kennedy [13] for the case of a circular source w
a parabolic heat flux. As previously, we takeh = 0, a/b = 1,

A/B = 1, ε = 0.001 in the proposed solution. Table
presents the results of comparison for three values of Pecle
number (0.01, 1 and 10). The relative difference betwe
the two models,�, is lower than 4.5%. This difference
is essentially due to the uncertainty on the location of
maximum point on the temperature curves.

To compare the case of parabolic heat flux to the unifo
one, Fig. 6 provides the evolution of dimensionless surf
temperature forBi = 0.04 andPe = 0.2, 1, and 5. This
figure shows that the maximumflash temperature is great
in the case of a parabolic heat flux and its location mo
more slowly from the center of source to the exit whenPe
increases.

5. Average temperature

The knowledge of the average surface temperatur
the heated elliptic region is important for the study of
thermal constriction phenomena. We establish its expres
by integration of the distribution of the surface temperat
T (x, y,0) over the heated area, as

Tav = 1

πab

∫ ∫
T (x, y,0)dx dy (28)
Ac
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(a) (b)

(c) (d)

Fig. 5. Dimensionless total surface temperature along the axis of symmetry vs.Bi andPe.
on

of th
uch
-

Fig. 6. Comparison between uniform and parabolic heat source as a functi
of Pefor Bi = 0.04.

The above integrations are the same nature as those
function G which are detailed in Appendix A.

After calculation, we get the following expressions:
e

T u
av = Tb + q0πab

AB

∞∑
m=0
n�=0

∞∑
n=0
m �=0

× εmεn cos(ϕmn)J
2
1

[√
(mπa/A)2 + (nπb/B)2

]
ηmn

[
(mπa/A)2 + (nπb/B)2

]
(29)

for the uniform heat flux, and

T
p
av = Tb + 2q0

∞∑
m=0
n�=0

∞∑
n=0
m �=0

× G
p
mn cos(ϕmn)J1

[√
(mπa/A)2 + (nπb/B)2

]
ηmn

√
(mπa/A)2 + (nπb/B)2

(30)

for the parabolic heat source.

6. Hertzian contact with ε � 1 and h = 0

In an Hertzian contact, the contact area is usually m
smaller than that of the ball (i.e.,ε � 1) and the character



A. Baïri et al. / International Journal of Thermal Sciences 43 (2004) 561–568 567

, and

lace
tem-

ess
t

red

o
This

the

clet
otic
ues
and

in

ing

and

r-
ub-
re-
all
e of
ol-
hat
ex-
he
the
era-
so-

arch

ral
istic dimensions area andb. This configuration is similar to
that of unique moving elliptic heat source.

If the Peclet number,Pe, is large (typicallyPe> 5), the
heat conduction can be neglected in the contact plane
Eq. (1) becomes

∂2T

∂z2
− V

α

∂T

∂x
= 0 (31)

The problem becomes easy to solve (by using the Lap
transformation for example), and the average surface
perature can be written as

T u
av(Pe	 1) = q0a

k
√

2

1√
Pe

(32)

for a uniform heat flux.
The thermal constriction resistance,Rc = (T u

av − Tb)/

(q0πab), can be written as

Rc(Pe	 1) = 1

π
√

2

1

kb

1√
Pe

(33)

Fig. 7 compares the evolution of the dimensionl
constriction resistance,ψ = Rck

√
πab, between the exac

solution, given by Eq. (29) (withε = 0.001) and the
asymptotic solution, given by Eq. (33). We have conside
four values of the ratioa/b (0.1, 0.25, 0.5 and 1) and
several values ofPe. The curvatures show that the tw
solutions depart below a certain value of Peclet number.
value seems to decrease with the increase of the ratioa/b.
Otherwise, the constriction resistance decreases with
decrease ofa/b andPevalues.

The particular case of a circular contact (i.e.,a = b)
has been studied by Archard [5] for a large value of Pe
number, and by Tian and Kennedy [13] with an asympt
development for any value of Peclet number. The val
of ψ calculated by the present solution and the Tian
Kennedy [13] correlation are in agreement as shown
Table 2.

Fig. 7. Dimensionless constriction resistance for a single elliptic mov
contact.
Table 2
Comparison of dimensionless constriction resistance with Tian
Kennedy results [13](a = b,A = B,ε = 0.001)

V 2a/α ψ

Eq. (29), withε = 0.001 From [13]

0 0.4752 0.4789
1 0.4162 0.4077
2 0.3718 0.3610
4 0.3110 0.3017
8 0.2434 0.2383

16 0.1816 0.1800

7. Conclusion

An analytical solution was presented in this paper in o
der to determine the thermal behavior of a bearing ball s
jected to uniform or parabolic heat source, on an elliptic
gion. By adopting the two following assumptions: (i) sm
dimension of the contact area compared with the surfac
the ball (i.e., low thermal penetration depth), (ii) the co
ing concerns the whole surface of the ball (including t
of the application of the heat source), we may get an
plicit analytical solution. This solution is valid regardless t
value of Peclet number. This allows the establishment of
thermal map of the ball and the flash and average temp
tures of the heated region. The results of the proposed
lutions are in agreement with available published rese
results.

Appendix A. Details of calculation of Gmn

Eq. (2) gives theboundary condition at (z = 0) with a
heat flux applied to the elliptic region. We apply the integ
transforms (8) and (9) to the elliptic region as follows:

Gmn = εmεn

2AB

b∫
0

cos(nπy ′/B)dy ′

×
a
√

1−(y ′/b)2∫
−a

√
1−(y ′/b)2

f (x ′, y ′)e−imπx ′/A dx ′ (A.1)

A.1. Case of uniform heat flux as:

f u(x ′, y ′) = 1 (A.2)

The integration with respect tox-direction gives

Gu
mn = εmεn

mπ

1

B

b∫
0

sin

[
mπa

A

√
1− (y ′/b)2

]
× cos(nπy ′/B)dy ′ (A.3)
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The above integral is provided in Gradshteyn and Ryz
[17]. We get the expression ofGu

mn under the following
explicit form:

Gu
mn = εmεn

2

πab J1
[√

(mπa/A)2 + (nπb/B)2
]

AB
√

(mπa/A)2 + (nπb/B)2
(A.4)

A.2. Case of parabolic flux as:

f p(x ′, y ′) = 3

2

√
1− [

(x ′/a)2 + (y ′/b)2
]

(A.5)

The integration with respect tox-direction gives

G
p
mn = 3εmεn

4mB

b∫
0

√
1− (y ′/b)2J1

×
[
mπa

A

√
1− (y ′/b)2

]
cos(nπy ′/B)dy ′ (A.6)

No explicit solution for the above integral was found.
has to be solved numerically.
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