Available online at www.sciencedirect.com
Imernationsl

& SCIENCE (d DIRECT® Jowrnzl off
“ 3 Therinal
Selenees
ELSEVIER International Journal of fermal Sciences 43 (2004) 561-568 =

www.elsevier.com/locatel/ijts

Three-dimensional stationary thermal behavior of a bearing ball

A. Bairi*, N. Alilat, J.G. Bauzin, N. Laraqi

Department of Heat Transfer, Universiof Paris 10, LEEE, E.A387, 1, chemin DesV&res, 92410 Ville d'Avray, France
Received 12 May 2003; accepted 17 October 2003
Available online 7 January 2004

Abstract

A study of the temperature distribution in a bearing ball subjected to elliptic moving heat sources and surface cooling is presented in this
paper. An explicit analytical solution is developed in order to determine the three-dimensional stationary temperatures in the ball. This allows
the establishment of the thermal map of the ball, and the flash and average temperatures over the heated region regardless of the value
Peclet number. Two cases were considered: (i) uniform heat flux, (ii) parabolic heat flux. The flash temperature for the two thermal loading
are compared as a function of Peclet number. Some results are also presented and discussed in order to show the effect of the motion and tl
cooling on the thermal behavior of the ball.
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1. Introduction temperatures (notion introdad by Blok [10]) according to
the main characteristic parameters, i.e., Peclet and Biot num-
The friction in ball bearings entails a heating of the balls bers.
that can have very detrimental effects. When applied to the  The case of an elliptic moving heat source on an insu-
aerospace or aeronautics fields the frictional heating can of-lated semi-infinite body has been studied by Francis [11],
ten be sudden and violent. The increase of temperature genBejan [12] and Tian and Kennedy [13] with asymptotic so-
erated by these phenomena can involve mechanical micro-lutions. The analytical soluins are often difficult to get be-
deformations and an overheating of the cooling fluid (espe- cause of: (i) the non-homogeneous boundary conditions (lo
cially when dealing with cryogenic fluids). It is therefore calized heating and surface ding), (ii) the relative motion
important to have calculation models in order to evaluate (especially for the low values of Peclet number), and (iii) the
the temperatures according the frictional heat input, to  small size of the contact region in relation to other dimen-
which the solids are subjected. The calculation of temper- sions of solid. From available studies, it is clearly shown
ature in the solids under friction has been of great scien- that the increase of the Peclet number involves a decrease
tific interest over the past few decades. Since the pioneeringin temperature elevation over the contact region for a given
works (e.g., Boussinesq [1], Rosenthal [2], Blok [3], Jaeger heat flux.
[4] and Archard [5]) concerning semi-infinite solids which The determination of the meperatures in a bearing
are adiabatic outside the region heated by a moving heatrequires a good knowledge of tHeermal contact parameters
source, many other research studies have been conductednd convective exchanges with the cooling fluid (e.g., Laraqi
They deal with cooled semi-infinite bodies (e.g., DesRuis- et al. [14], Bourouga et al. [15], Litsek and Bejan [16]).
seaux and Zerkle [6]), and with rotating cylinder subjectedto  The study which is proposed in this paper deals with
a heat source and surface cooling (e.g., Ling and Simkins [7], the determination of the terepature in a bearing ball.
DesRuisseaux and Zerkle [6], Gecim and Winer [8], Pat- The analytic calculation of the three-dimensional stationary
ula[9]). These research studies showed the evolution of flashtemperature in a ball is addressed. In order to determine this
analytic solution we proceed to a geometric transposition.
The calculations are carried out in a Cartesian geometry.
* Corresponding author. This transposition is consistent with the fact that the contact
E-mail addressdahmane.bairi@cva.u-paris10.fr (A. Bairi). area is much smaller (about a few percent) than that of the
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Nomenclature

a,b semiaxes of elliptical contact area Greek symbols

A,B dimensions of the studied cell (see Fig. 2) o thermal diffusivity

Bi Biot number= rR/k _ & surface ratio= /7ab/4AB
f(x,y) distribution of heat flux over the ellipse " dimensionless resistance R, k/7ab
h heat convection coefficient .

k thermal conductivity Subscripts

Pe Peclet numbek- Va /2« av average

q0 heat flux density b bulk

r radius c contact

R radius of the ball f flash

R, thermal constriction resistance Superscripts

T temperature .

T* dimensionless temperatuee,T/(goa/ k) p parabolic heat source

% peripheral velocity u uniform heat flux

x,y,z Cartesian coordinates

ball. It is again justified that the thermal penetration depth functions which are difficult to manipulate. Considering the
decreases with an increasedpeed (or Peclet number). On small size of the heated region in relation to the surface of the
the other hand, the elliptic geometry of the ball-ring contact ball, it is widely justified to do the calculations in Cartesian
area is taken into account. The developed analytical solutiongeometry (Fig. 2). Indeed, the thermal depth penetration
allows to establish the thermal map of the ball, and to is much smaller than the radius of the ball, especially as
determine the flash and average temperatures of the contacthe speed increases. Therefore, the effect of the curvature
area. This solution is valid regardless of the value of Peclet becomes negligible.
number, and it may also be used in many other applications The heat entering by the elliptic regions is entirely
(gear, rollers, ...). evacuated by the surface ofetlball. One can assimilate
the behavior of the ball to the one of a semi-infinite body.
Therefore the choice of a finite body with an adiabatic
2. Assumptions of the model boundary condition can be considered without difficulty.
The two heat sources and the elliptic regions are assumed
The body under investigation is a sphere (see Fig. 1) identical (this assumption is nog¢strictive), which permits
subject to two elliptic uniform or parabolic heat sources t0 reduce the calculations to half of the domain (only one
diametrically opposite (simulating the contact with the two Source with the conditions of periodicity). The physical
rings of a ball-bearing) and cooled on the rest of its properties of materials and the conditions of exchanges are
surface. The heat convection coefficient is denatadd the ~ @ssumed to be independent of the temperature.
reference temperature is zero. The ball is in rotating motion
around the axis indicated on this figure. The development
of an analytical solution for the three-dimensional spherical 3. Development of the model

geometry is complicated anddquires the use of special
On the basis of the above assumptions and of the

notations of Fig. 2, the heat transfer in the body is governed
by the following equations:

o heat equation
3°T  9°T 9T VaT
— 4+ —4+——-———=0 1
oxZ " dy2 + 972 o ax @
e boundary conditions with respect tedirection
_k(£> _ {qof(x, ¥ /@ +(/bP< ()
z=0

9z —hT elsewhere
q(x.y) axis of rotation aT
().~
—> 00

- 3
Fig. 1. Parameterization of a bearing ball. 0z
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’ q(xy) fir

Fig. 2. Studied physical model.

e conditions of periodicity with respect to-direction

(T)x=7A = (T)x=A (4)
oT oT
).~ (&) ®
X ) x=—A ox x=A
e boundary conditions with respect tedirection
T
C
ay y=—B
oT
(5)..

In Eq. (2), the functionf (x, y) denotes the distribution
of heat flux over the ellipse. Two cases are studied in this
paper:

(i) f“(x,y)=1, for the uniform heat flux, and
(i) fP0x,y) = B/DIL — [(x/a)® + (y/b)*I1"/? for the
parabolic heat flux.
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The factor 32 in the expression of parabolic heat flux is due
to the equality of total heat flux over the ellipse between the
two studied distributions of heat as

/f f”(x,y)ds=f/ £7x, y) ds
Ac

Ac

(whereA, is the contact area).

The heat convection coefficient is difficult to determine in
the configuration of a ball-bearing. However, on the basis of
a numerical study of a roller bearing (Litsek and Bejan [16])
one can get an order of magnitude of this coefficient.

In order to solve the above governing equations, we use
the following integral transforms:

A
=~ Em .
T = 24 T exp(—immx/A)dx (8)
—A
B
T = % / T cognmy/B)dy 9
0

withej_o=1ande;j.0=2 (j =m orn).

The above integral transforms are especially appropriate
to periodic systems (here, the heat diffusion with respect to
x—direction) and symmetric conditions (here, the boundary
conditions with respect tp-direction). Then, the governing
Egs. (1) to (7) lead to a simple differential equation of second

order as
dz% mi \ 2 ni \ 2 V=
2 (22 - imm — |T = 1
a2 |:( " > —i—(B) +lm71aAi| 0 (10)
—k(d—T> — oG — hT (11)
dZ z=0
T
(d_) —0 (12)
dz 700

The expression of terra,,,, in Eq. (11) depends of the
thermal loading on the ellipse of contact (i.e., the expression
of f(x, y)). Considering the two studied cases, we have

G Emen mab Ji[y/(mma/A)? + (nwb/B)?]
"2 AB(mma/A)2+ (nmb/B)2
for the case of uniform heat flux over the ellipse, and

b
/ N (y//b)ZJl[mT”,/ 1- (y’/b)?}
0

x cognmy’/B)dy’

(13)

3emen

Grun = 4mB

(14)

for the case of parabolic heat flux over the ellipse.

The details of the determination of the above expressions
of G, are given in the Appendix A.

In Eq. (11), considering the small value of the heated
region with regard to that of the cell, we considered that
the cooling is over the whole surface. This avoids getting
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a solution under the integral equation (integral equation of flash temperaturefs (the last term of Eq. (22)). The bulk
Fredholm). Gecim and Winer [8] showed that this hypothesis temperature]},, corresponds to the thermal balance between
is justified in the case of localized contacts (i.e., small ratio the heat flux dissipated by the source (i ab) and the

of the contact area to the apparent area) and when the heaheat flux evacuated by convection (i.e4 BhTp). It is also

coefficient is not very high. These conditions are verified in
our application.
The general solution of Eq. (10) can be written as follows:

T — COOZ + DOO + Cmnefﬁmnz + Dmneﬂmnz

(with m, and/orn # 0) (15)
where
,an = Pmn XP Vinn) (16)
mim 2 ni 2\2 mnaV /4
= ((F)+(5)) +(5) | o
_ 1. 1 (mrV/aA)
Y =5 a0 [(mn/A)Z T (m/g)z} (18)

Taking into account the boundary conditions, one gets

qomrab
Coo=0, Doo=
00 00 4ABh
Con = qol, Dpp =0 (19)
Bmnk + h

The temperatures are determined by applying the inverse

transforms, such as

T = Z %Cos(nrry/B)

(20)
n=0
© ~
T = 9{{ T exp(imnx/A)} (21)
m=0
The final expression of temperature becomes
o o G
T=T,4+qo Z Z mn
m=0 n=0 Mmn
n#0 m#0
mimx .
X CO{ A — ©mn — ZPmn Sln()’mn)i|
D% Co{m} E_me” COSYimn) (22)
B
with
qorrab
_ 23
b= 4aBnH (23)
Mon =y W2+ k202, + 21k COK Yun) (24)
komn SIN
Omn = tan—l[ Pmn (an) i| (25)
h + kpmn COLYimn)

In solution (22), the total temperaturg(x, y, z), is the
sum of ambient temperaturd, (here 7, = 0), the bulk
temperature; (i.e., the first term of Eq. (22)), and the

the particular case whem andn are simultaneously equal to
zero. Indeed, in the expressions@j,,,, given by Egs. (13)
and (14), we have

lim[Jiu)/u],  ,=1/2 (26)
andG,,! (for m =0 andn = 0) becomes

. mab
Gog = 2ip (m=0andi=0) (27)

4. Temperature profile

The numerical applicationthat are presented in this
study are aimed at highlighting the configuration where
the heated elliptic region is very small compared with
the total surface of the ball (i.e, < 1). We choose the
valuee = 0.001. The elongation of the ellipse iga = 4.
These choices allow to limit the number of parameters to
investigate.

4.1. Uniform heat flux

In a first step, the proposed solution is compared to Tian
and Kennedy [13] results for a single circular source on
an insulated semi-infinite body. The heat source is con-
sidered uniform. In the proposed model, we take- 0O,
a/b=1,A/B=1,¢=0.001. In this case the proposed so-
lution is exact becausk = 0 (i.e., no convection over the
ball surface).The series requires 800 terms to converge for
¢ = 0.001, and this number decreases almost linearly vehen
increases (until 200 terms fer= 0.01). Table 1 provides the
maximum dimensionless flash temperatiijefor three val-
ues of Peclet number (@1, 1 and 10). The locatiofx, 0, 0)
of T depends of the Peclet value and the distribution of heat
source (see Section 4.2). The relative difference between the
two models, denoted,, is lower than 15%.

Fig. 3 shows the surface thermal map in the vicinity of
the ellipse for two values of Peclet numiigg= 0.2 (a) and
Pe= 10 (b), respectively. The graphs are plotted at the same

Table 1
Comparison of maximum dimensionless flash temperatures with Tian and
Kennedy results [13]a = b, A = B, ¢ = 0.00])

Pe=Va/2a

T*

/
0.01 1 10
q“ Eq. (22) 0.997 0.741 0.341
From [13] 0.996 0.748 0.336
A 0.1% 0.9% 1.5%
q” Eq. (22) 1.152 0.852 0.374
From [13] 1.173 0.876 0.391
A 1.8% 2.8% 4.5%
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Fig. 4. Isothermal lines into the solid.
4.2. Parabolic heat flux
(b)
Fig. 3. Dimensionless total surfacertperature at the vicinity of contact. The maximum dimensionless flash temperatures given by
(a) Pe= 0.2; (b) Pe= 10. the proposed solution are compared with those provided by

Tian and Kennedy [13] for the case of a circular source with

scale in order to be compared. These figures show the clea Parabolic heatflux. As previously, we take= 0, a/b = 1,

reduction of the dimensionless surface temperature with theA/B = 1, ¢ = 0.001 in the proposed solution. Table 1
increase of Peclet number for a given valug@fThe region presents the results of comysam for Fhree_ values of Peclet

of the thermal gradients is located at the vicinity of the Number (001, 1 and 10). The relative difference between
ellipse. the two models,A, is lower than 46%. This difference

In order to verify the above assumption of geometric is essentially due to the uncertainty on the location of the

transposition of sphere to parallelepiped, the isothermal linesMaXimum point on the temperature curves. _
in the xz-plane for the same Peclet values as previously To compare the case of parabolic heat flux to the uniform

are drawn in Fig. 4. For the largest thermal penetration ON€: Fig. 6 provides the evolution of dimensionless surface

depth (i.e., small Peclet number value, h@ee= 0.2) the ~ (€mperature foBi = 0.04 andPe= 0.2, 1, and 5. This
temperature is approximately divided by 8 between the figure shows that the maximuftash temperature is greater
surface and the deptu5Practically, the order of magnitude N the case of a parabolic heat flux and its Ioca_tlon moves
of a is a few tens of um, the thermal penetration depth is the MOre slowly from the center of source to the exit when
order of a tenth of a millimeter. Increases.

The surface temperature along the axis of symmetry
(y = 0) is reported on Fig. 5 for four values of the Biot
number (0008, 04, 008 and 08) and four values of Peclet 5. Averagetemperature
number (02, 1, 5 and 10). One finds for each case the usual
curvature of the temperature profile due to a moving heat The knowledge of the average surface temperature of
source. The flash temperature decreases with the increase dhe heated elliptic region is important for the study of the
Peclet number and the abscissa of the maximum temperaturéhermal constriction phenomena. We establish its expression
moves from the center of the source Pat— 0) to the exit by integration of the distribution of the surface temperature
(at Pe— 00). The temperatures decrease with the increase T (x, y, 0) over the heated area, as
of Biot number. The rate of decrease is important between 1
the valuesBi = 0.008 andBi = 0.04, and becomes smaller Tyy=— // T(x,y,0)dxdy (28)
beyond this value (e.gBi > 0.04). mabJ.
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Fig. 6. Comparison between uniformdiparabolic heat source as a function
of Pefor Bi = 0.04.

The above integrations are the same nature as those of the

function G which are detailed in Appendix A.
After calculation, we get the following expressions:
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Fig. 5. Dimensionless total surface teengature along the axis of symmetry &.andPe

oo o0

T =7+ 0 S S

m=0 n=0
n#0 m#0

&men COS@mn) J2[/(mma/A)2 + (nb/B)?]
) N[ (ma/ A2+ (nb)B)2]

(29)
for the uniform heat flux, and

o0 o0
Ta=Ty+290 ) Y
m=0 n=0
11750 m#0

y G COS@mn) [/ (mma/A)2 + (nb/B)?]

Nmny/ (ma/A)? + (nb/B)?

(30)
for the parabolic heat source.
6. Hertzian contact withe <« 1and h =0

In an Hertzian contact, the contact area is usually much
smaller than that of the ball (i.es,<«< 1) and the character-
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istic dimensions are andb. This configuration is similarto  Table 2

that of unique moving elliptic heat source. Comparison of dimensionless constriction resistance with Tian and

If the Peclet numbeiPe is large (typicallyPe > 5), the ~ Kennedy results [13ja =b, A = B, e = 0.00)
heat conduction can be neglected in the contact plane, and’ 2/« ¥
Eq. (1) becomes Eq. (29), withe = 0.001 From [13]

0 0.4752 0.4789
9°T VT _ 0 (31) 1 0.4162 0.4077
922« dx 2 0.3718 0.3610
4 0.3110 0.3017

The problem becomes easy to solve (by using the Laplace 8 0.2434 0.2383
transformation for example), and the average surface tem-_16 0.1816 0.1800
perature can be written as

u _g0a 1 7. Conclusion

T4 (Pex> 1) PN (32)
for a uniform heat flux. An analytical solution was pisented in this paper in or-

The thermal constriction resistanc®, = (Ta, — Tp)/ der to determine the thermal behavior of a bearing ball sub-
(gomab), can be written as jected to uniform or parabolic heat source, on an elliptic re-

gion. By adopting the two following assumptions: (i) small
1 1 1 . d )
R.(Pe>1)=—"—_ — ~ (33) dimension of the contact area compared with the surface of
n/2kb \/Pe the ball (i.e., low thermal penetration depth), (i) the cool-

Fig. 7 compares the evolution of the dimensionless ing concerns the whole surface of the ball (including that

constriction resistancel = R.k+/7ab, between the exact ©f the application of the heat source), we may get an ex-
solution, given by Eg. (29) (withe = 0.001) and the plicit analytical solution. This solution is valid regardless the

asymptotic solution, given by Eq. (33). We have considered value of Peclet number. This allows the establishment of the
four values of the ratioz/b (0.1, 0.25, 05 and 1) and thermal map of the ballland the flash and average tempera-
several values oPe The curvatures show that the two tures of the heated region. The results of the proposed so-
solutions depart below a certain value of Peclet number. This!Utions are in agreement with available published research
value seems to decrease with the increase of the agtio  'esults.
Otherwise, the constriction resistance decreases with the
decrease of /b andPevalues.

The particular case of a circular contact (i.e.= b) Appendix A. Detailsof calculation of G,
has been studied by Archard [5] for a large value of Peclet
number, and by Tian and Kennedy [13] with an asymptotic  Eq. (2) gives theboundary condition atz(= 0) with a
development for any value of Peclet number. The values heat flux applied to the elliptic region. We apply the integral

of ¥ calculated by the present solution and the Tian and transforms (8) and (9) to the elliptic region as follows:
Kennedy [13] correlation are in agreement as shown in

Table 2. - b
Gpn = —= | cognmy’/B)dy’
mn = 50p / Snmy'/B)dy
' 0
Exact solution (with & =0.001) -
Asymptotic solution ar/1=('/b)?
x / f(x’, y/)efzmrrx /A dx’ (A.l)
—an/1-(y'/b)?
ES a/b
1 A.1. Case of uniform heat flux as:
0.5
0.25 i, yh=1 (A.2)
0.1
The integration with respect to-direction gives
0.01
1 10 100 1000

b
emén 1 .| mma
G" = = | sin| ——/1— (y'/b)?
V2a/e mn mm B A (y/ )
Fig. 7. Dimensionless constriction resistance for a single elliptic moving 0
contact. x coSnmy'/B)dy’ (A.3)
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The above integral is provided in Gradshteyn and Ryzhik
[17]. We get the expression af%, under the following
explicit form:

_ emen ab [y/(mma/A)2 + (nmb/B)?]

G" = A4
"2 AB(mma/A)2+ (nmb/B)? A4
A.2. Case of parabolic flux as:
3
P =21 [ 2 + (/b)) (A5)

The integration with respect to-direction gives

b
/ J1— (/b2

0

nra V1- (y’/b)z} cosnmy' /B)dy’  (A.6)

p _ 3Emén
mn —
4mB

d

No explicit solution for the above integral was found. It
has to be solved numerically.
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